Abstract. The aim of this paper is to construct families of Calabi-Yau 3-folds without boundary points with maximal unipotent monodromy and to describe the variation of their Hodge structures. In particular five families are constructed. In all these cases the variation of the Hodge structures of the Calabi-Yau 3-folds is basically the variation of the Hodge structures of a family of curves. This allows us to write explicitly the Picard-Fuchs equation for the 1-dimensional families. These Calabi-Yau 3-folds are desingularizations of quotients of the product of a (fixed) elliptic curve and a K3 surface admitting an automorphisms of order 4 (with some particular properties). We show that these K3 surfaces admit an isotrivial elliptic fibration.
Introduction
A Calabi-Yau variety Y is a smooth compact Kähler manifold with a trivial canonical bundle and such that H i (Y, O Y ) = 0 if 0 < i < dim(Y ). The main conjecture on the families of Calabi-Yau 3-folds is the mirror symmetry conjecture that, roughly speaking, predicts the existence of a mirror family for each family of Calabi-Yau 3-folds. This conjecture is stated for families of Calabi-Yau 3-folds admitting a boundary point with maximal unipotent monodromy, otherwise it is not clear how to define the mirror family. For this reason it seems important to construct examples of families of Calabi-Yau 3-folds without maximal unipotent monodromy, to describe the variation of their Hodge structures and their parametrizing space and to give explicitly their Picard-Fuchs equations.
We recall that an automorphism on a Calabi-Yau Y of dimension n is symplectic if it acts as the identity on the 1-dimensional space H n,0 (Y ), otherwise it is non symplectic. In order to construct a Calabi-Yau of a given dimension one can consider the desingularization of certain quotients of products of Calabi-Yau varieties of lower dimension by finite groups of automorphisms. This construction is very well known ( [B] , [CH] , [R1] , [R2] , [V1] ). In particular Rohde ([R2] ) produces in this way families of Calabi-Yau 3-folds parametrized by Shimura varieties. The Calabi-Yau 3-folds considered in [R2] are obtained as quotient of the product of a K3 surface and an elliptic curve by the group Z/3Z, and both the K3 surface and the elliptic curve considered admit Z/3Z as group of non symplectic automorphisms. In [GvG] the K3 surfaces used in the Rohde's construction are shown to be desingularizations of the quotient of the product of two curves by the group Z/3Z and hence the Calabi-Yau 3-folds are desingularizations of the quotient of the product of three curves by the group (Z/3Z) 2 . This allowed us to determine explicitly the Picard-Fuchs equation of a 1-dimensional family.
Here we use a similar construction, considering K3 surfaces and elliptic curves admitting non symplectic automorphisms of order 4. The main problem is that there is not yet a complete classification of the K3 surfaces admitting a non symplectic automorphism of order 4. However the construction used in [GvG] can be considered also in this situation. Indeed we will consider the product of the elliptic curve E i (i.e. the elliptic curve admitting a non symplectic automorphism α E of order 4 ) with a curve C fg of genus g which admits an automorphism α C acting with eigenvalues i and −i on the space of the holomorphic 1-forms and such that one of the eigenspaces has dimension 1. The quotient of the product E i × C fg by an automorphism obtained from α E and α C admits a desingularization which is a K3 surface S fg with a non symplectic automorphism, α S , of order 4.
In sections 2, 3, 4 we construct K3 surfaces with a non symplectic automorphism of order 4 such that its fixed locus and the fixed locus of its square consist of isolated points and rational curves. In particular in Section 2 we construct the K3 surfaces S fg as quotient of the product of an elliptic curve E i and a curve C fg (described in Section 1) by the group Z/4Z. In Section 3 we describe the family Q b 2 of K3 surfaces as isotrivial fibration with section. In Section 4 we observe that the surfaces S fg admit a description as 4 : 1 cover of P 2 and we construct another family, R, of such a K3 surfaces. In Section 5 we consider the quotient of E i × S by the automorphism α 3 E × α S , where S is one of the K3 surfaces constructed. This quotient admits a desingularization which is a Calabi-Yau 3-fold. The main result of the Section 5 is the description of the Hodge structure of this Calabi-Yau 3-fold and of its variation. In the Section 6 we show that the Picard-Fuchs equations of the families have no a solution with maximal unipotent monodromy. We write these equations explicitly for the two 1-dimensional families we constructed. The properties of the families of Calabi-Yau 3-folds obtained and of the K3 surfaces and curves involved in their construction are summarized in the following 
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The curves C fg
In order to construct K3 surfaces and Calabi-Yau 3-folds with a non symplectic automorphism of order 4, we introduce the curves C fg . These curves admit a particular automorphism of order 4 and our construction can be done only for certain curves of genus g = 1, 2, 3.
Let us consider the hyperelliptic curves of genus g
(1)
A basis of the space of the 1-holomorphic forms on C fg is given by {r a dr/z} 0≤a≤g−1 . Set η C := dr/z, ω C := rdr/z and ν C := r 2 dr/z. The curve C fg admits the automorphism α C : (r, z) → (−r, iz).
In particular the action of α C on H 1,0 (C fg ) has only i and −i as eigenvalues and one of them has an eigenspace of dimension 1. By [vG, Lemma 7.6 ] the curves admitting an automorphism α C of order 4 such that its action on the spaces of the one holomorphic form has only i and −i as eigenvalues and one eigenspace has dimension 1, are exactly the curves C fg given in (1). We observe that if g = 3, the eigenspace of H 1,0 (C fg ) of dimension 1 is relative to the eigenvalue −i and if g = 1, the eigenspace of H 1,0 (C fg ) of dimension 1 is relative to the eigenvalue i. For this reason in the following these two cases are analyzed separately (cf. Sections 2.1, 2.2).
One can give a different equation for the curves C fg , which exhibits them as 4:1 cover of P 1 . Indeed let us consider the curves
These curves are 4:1 cover of P 1 branched over the zeroes of h 2 and of l g . By Riemann-Hurwitz formula, the genus of D g is g. Of course these curves admit the order 4 automorphism γ D : (w, t) → (iw, t) which is the cover automorphism. In [vG, Remark 7.7] it is shown that the curves C f3 and D 3 are isomorphic. Let us focus on case g = 2. Up to a choice of coordinate of P 1 one can assume that the equation of the curve D 2 is w 4 = t(t − 1)
r (this can be easily check by writing the divisor associated to the meromorphic function w 2 /((t − 1)(t − λ))). By the definition of r, we find w 2 = r(t − 1)(t − λ) and substituting the new variable r in the equation of D 2 , we have r 2 = t. Thus we find a new equation for D 2 , w 2 = r(r 2 − 1)(r 2 − λ), which is, up to a choice of coordinates of P 1 , the equation of C f2 . Moreover the cover automorphism γ D induces the automorphism (w, r) → (iw, −r), which is the automorphism α C on the curve C f2 . The case g = 1 is very similar. Hence we proved that the curves C fg endowed with the automorphism α C coincide with the curves D g endowed with the automorphism γ D .
We recall the following result on moduli space of the curves C fg : Proposition 1.1. (cf. [vG] ) The curves C fg are parametrized by the symmetric domain
2. The K3 surfaces S fg with a non symplectic automorphism of order 4.
In this section we construct the K3 surfaces S fg , which are the desingularization of the quotient of product of the elliptic curve E i (the elliptic curve with a non symplectic automorphism of order 4) and the curve C fg by an automorphism of order 4. We first consider the case g = 1 and after that the other two cases because the choice of the automorphism of order 4 depends on the eigenvalues relative to the eigenspace with dimension 1.
2.1. Case g = 1: a K3 surface described by Shioda and Inose. The curve C fg , in case g = 1, is the elliptic curve E i . We recall a construction presented in [SI] which produces a K3 surface as quotient of the product surface
is a singular surface and its desingularization is a K3 surface, described in [SI, Lemma 5 .2]. Here we give explicitly the quotient map. Let the coordinates of the first copy of E i be (u 1 , v 1 ) and the coordinates of the second copy of E i be (u 2 , v 2 ). Let us consider the surface defined by the equation has 2 fibers of type III * and one of type I * 0 . The K3 surface X SI , desingularization of the surface defined by the equation (3), has Picard number 20 and hence its moduli space is zero dimensional. The surface with equation (3) admits an automorphism (x, y, t) → (−x, iy, t) (induced by α E × 1 C ), which extends to a non symplectic automorphism α X of X SI such that α X (η X ) = iη X , where η X is a generator of H 2,0 (X SI ). The transcendental lattice of X SI is isometric to the lattice 2 2 (cf. [SI] ).
2.2. The cases g = 2, 3. In the following we will denote by H a,b (C fg ) λ the eigenspace of H a,b (C fg ) for the eigenvalue λ with respect to the action of α C on H a,b (C fg ) and by H a,b (S fg ) λ the eigenspace of H a,b (S fg ) for the eigenvalue λ with respect to the action of α S (cf. Definition 2.1) on H a,b (S fg ).
Let us consider the product surface E i × C fg and the automorphism α E × α C on it. One has:
where η C is the conjugate of η C , etc. In particular
Let us consider the elliptic fibration
The map π :
is the quotient map E i × C fg → E i × C fg /α E × α C (this can be proved as in Section 2.1). By standard results on the singularities of an elliptic fibration we easily deduce the kind of singularities of E by the zeroes of sf g (s) 2 (cf. [Mi, Table IV.3 .1]): we have one singularity of type A 1 over s = 0, g singularities of type D 4 over the zeroes of f g (s) and one singularity over s = ∞ which is either of type E 7 if g = 2 or of type A 1 if g = 3. These singularities are A-D-E singularities, hence there exists a desingularization of
Remark 2.1. In case g = 1, 2 one can also consider the quotient
2 . The quotient map generalizes the one considered in the previous section and is ((u; v) ; (z; r)) → (x := uz 2 r 2 ; y := vz 3 r 3 , s := r 2 ).
In case g = 1, R f1 = X SI , in case g = 2, the desingularization of R f2 is isomorphic to S f2 (it suffices to perform on P 1 s the automorphism s → 1/s). Proposition 2.2. For a generic choice of the polynomial f g , the K3 surface S fg admits an elliptic fibration with one fiber of type III (two tangent rational curves) over s = 0, g fibers of type I * 0 (with dual graph D 4 ) over the zeroes of f g (s) and one reducible fiber over infinity which is either of type
This fibration has no sections of infinite order, has a section of order 2, σ, and a rational curve β as bisection.
Proof. The equation (5) of E is the equation of the quotient surface E i × C fg / (α E × α C ). The desingularization of E gives an elliptic fibration with the singular fibers described (cf. [Mi, Table IV.3 .1]). The equation of E can be written as wy 2 = x 3 + xw 2 sf g (s) 2 . With these coordinates the zero section is O : s → (x(s):y(s):w(s)) = (0:1:0) and S fg admits a section of order 2, σ : s → (0:0:1). Moreover it is clear that the fibration on S fg admits a bisection β with equation
2 . This is a 2:1 cover of P 1 branched over s = 0 and s = ∞, hence β is a rational curve. We have now to prove that there are no sections with infinite order. The trivial lattice (i.e. the lattice generated by the class of the section O and by the classes of the irreducible components of reducible fibers) of this elliptic fibration on S fg has rank equal to 18 if g = 2 and to 16 if g = 3. Hence the rank of the transcendental lattice T S fg of S fg is
The family of curves C fg has g − 1 moduli (f g has g zeroes, and one of them can be chosen to be 1, so there are g − 1 free zeroes of f g ) and since E i is rigid, the surface S fg has g − 1 moduli. All the members of the family admit α S as non symplectic automorphisms of order 4. The moduli of a family of K3 surfaces admitting a non symplectic automorphism of order 4 is rank(T )/2 − 1, where T is the transcendental lattice. Since the family S fg is at least a subfamily of the family of K3 surfaces admitting a non symplectic automorphism of order 4, the number of moduli of S fg is at most rank(T S fg )/2 − 1, hence
Comparing (6) and (7) one obtains that rank(T S fg ) = g − 1. In particular this implies that the rank of the Néron Severi group of S fg is the same as the rank of the trivial lattice of the elliptic fibration on S fg and hence there are no sections of infinite order.
Remark 2.3. Since the classes of the irreducible components of the reducible fibers and of the sections of an elliptic fibration generate the Néron Severi group of the surface, one can directly compute the discriminant form of the Néron-Severi group of each of these K3 surfaces. By this computation one deduces that the transcendental lattice of S f3 is isometric to U (2) 2 ⊕ −2 2 and the transcendental lattice of S f2 is isometric to U (2) ⊕ 2 ⊕ −2 .
2.3. The order 4 non symplectic automorphism on S fg . Proposition 2.4. In the case g = 2, the fixed locus of α S is made up of 3 rational curves and 10 points and the fixed locus of α 2 S is made up of 8 rational curves (3 of them are fixed by α S , the others are invariant for α S ). In the case g = 3, the fixed locus of α S is made up of 2 rational curves and 8 points and the fixed locus of α 2 S is made up of 6 rational curves (2 of them are fixed by α S , the others are invariant for α S ). Proof. The fixed locus of α 2 S . The automorphism α 2 S is a non symplectic involution on a K3 surface, hence its fixed locus is either empty or made up of disjoint curves (cf. [N2] ). The sections O and σ and the bisection β are fixed rational curves. We now describe the action of α 2 S on the irreducible components of the reducible fibers. We will call C i 0 the component of the i-th reducible fiber which meets the zero section. For the fibers of type III we call C i 1 the other component. The 2-torsion section meets the fibers of type III in the component C 1 . The component C 0 (resp. C 1 ) meets the zero section (resp. the section σ), which is a fixed curve and hence cannot be fixed (the fixed locus consists of disjoint curves). The point of intersection of C 0 and C 1 is fixed, but since the fixed locus does not contain isolated fixed points, this point is on the bisection β (one can also directly check that the bisection β meets the two rational curves of the fiber in their intersection point).
The fibers of type I * 0 are made up of five rational curves with the following configuration:
The section O meets the component C 0 , the section σ the component C 1 and the bisection β the components C 3 and C 4 . Since the fixed locus is smooth, one obtains that the components C i , i = 0, 1, 3, 4 are invariant, but they are not pointwise fixed. The points of intersection of C 2 with the curves C i , i = 0, 1, 3, 4 are fixed and hence C 2 is pointwise fixed. The fiber of type III * is made up of eight rational curves with the following configuration:
The section O meets C 0 , σ meets C 6 and the bisection β is tangent to C 7 . Arguing as before one concludes that the components C 1 , C 3 , C 5 are pointwise fixed, the others are invariant but not fixed. So the curves fixed by α 2 S are: O, σ, β, the components C 2 on each fibers of type I * 0 and, if g = 2, the components C j , j = 1, 3, 5 on the fiber of type III * . Fixed locus of α S . The sections O and σ are fixed by α S . The bisection β is invariant, but not fixed. Since it is a rational curve, the restriction of α S on it has two fixed points: these are the points of intersection of β with the reducible fibers over s = 0 and s = ∞ (i.e. on the fibers which are not of type I * 0 ). Thus the two points of intersection of β with each fibers of type I * 0 are switched by α S and hence on the fiber of type I * 0 the components C 3 and C 4 are switched, so C 2 can not be pointwise fixed but the intersection points between C 2 and the components C 0 and C 1 are fixed. On the fiber of type III * the point of intersection of C 7 and β is a fixed point. The component C 3 is pointwise fixed and the components C 1 and C 5 are invariant. It is possible that they are either pointwise fixed or invariant but not pointwise fixed. To understand which case occurs we consider the Lefschetz fixed point formula:
where F ix αS (S) is the fixed locus of α S on S and χ is the topological Euler characteristic.
Here we are in case g = 2 (because for g = 3 there is no fiber of type III * ). From the description of α S it is clear that α S acts with eigenvalue −1 on the classes C
and C
(assuming that the second and the third fibers are the fibers of type I * 0 ) and acts trivially on the other classes in the Néron-Severi group. Hence the eigenspace for the eigenvalue −1 on N S(S f2 ) ⊗ C has dimension 2 and the eigenspace for the eigenvalue 1 has dimension 16. Moreover α S acts as the multiplication by i on the period η S f 2 , so it acts with eigenvalue i on a 2-dimensional subspace of T S ⊗ C and with eigenvalue −i on the orthogonal 2-dimensional subspaces of T S ⊗ C (cf. [N1] ). The action of α S on H 0 (S f2 , C) and on H 4 (S f2 , C) is trivial and H 1 (S f2 C) = H 3 (S f2 , C) = 0 since S f2 is a K3 surface. Hence the right side in the Lefschetz fixed point formula is 1 + 16 + 2(−1) + 2i + 2(−i) + 1 = 16. We recall that the Euler characteristic of a point is 1 and of a rational curve is 2. By the description of α S either F ix αS (S f2 ) =
C j where p i are points and C j are rational curves. It follows that F ix αS (S f2 ) = 10 i=1 p i 3 j=1 C j and hence the components C 1 and C 5 on the fiber of type III * are not pointwise fixed. To recap, if g = 2 the fixed locus of α S is made up of 3 rational curves (O, σ, and the component C 3 on the fiber of type III * ), and 10 points (1 on the fiber of type III, 2 on each fiber of type I * 0 and 5 on the fiber of type III * ); if g = 3 the fixed locus of α S is made up of 2 rational curves (O, σ), and 8 points (1 on each fiber of type III and 2 on each fiber of type I * 0 ).
In (4) we computed the invariant part of H 2,0 (E i × C fg ) and H 1,1 (E i × C fg ) under α E × α C . These spaces pass to the quotient. In the previous proposition we calculated explicitly the action of α S on the curves C j i , which are the curves arising from the resolution of the singular quotient E i × C fg / (α E × α C ). These curves are classes in N S(S fg ) ⊂ H 1,1 (S fg ). Hence here we can give the complete decomposition in eigenspaces of the second cohomology group of H 2 (S fg , C):
4 , C
3 − C (3) 4
where, if L is a sublattice of M , we indicate with L ⊥M the sublattice of M which is orthogonal to L.
Remark 2.5. The previous computation can also be applied to the surface X SI . By the description of the action of the non symplectic automorphism α S on the singular fibers of the fibrations on S fg one deduces the properties of the fixed locus of automorphism α X : α X fixes 4 rational curves (one for each fiber of type III * , the zero sections and the 2-torsion section) and 12 points (5 on each fibers of type III * and 2 on the fiber of type I * 0 ), and α 2 X fixes 10 rational curves (4 of them are fixed by α X , the other are invariant for α X ). Moreover one can describe explicitly the eigenspaces for the action of α X on H 2 (X SI , Z) as done for the surfaces S fg .
Isotrivial fibrations with section and the family Q b 2 of K3 surfaces
In the previous section we described K3 surfaces admitting an isotrivial fibration with section such that the smooth fibers are isomorphic to E i . Each such a fibration has a minimial Weierstrass equation of type y 2 = x 3 + xa(t, s) where a(t, s) is a homogeneous polynomial of degree 8 and the maximal multiplicity of its zeroes is 3 (the conditions on the degree and on the multiplicity of the zeroes guarantee that the elliptic fibration is a K3 surface, [Mi] ).
Definition 3.1. Let Q a be the K3 surface defined by y 2 = x 3 + xa(t, s) and α Q be the automorphism induced by the automorphism α E acting on the fibers, i.e. α Q : (x, y, t, s) → (−x, iy, t, s).
In order to construct families of Calabi-Yau 3-folds without maximal unipotent monodromy, we require that α Q and its powers do not fix curves of positive genus. As in previous section one observes that the fixed loci of α Q and α 2 Q are made up of points, components of the reducible fibers (which are always rational curves), the zero section, the torsion section σ:(t:s) → (0, 0, (t:s)) (these are rational curves) and the bisection x 2 = a(t, s). Hence α Q and α 2 Q fix only points and rational curves if and only if x 2 = a(t, s) is not a curve of positive genus. If a(t, s) is not a square, then x 2 = a(t, s) is a hyperelliptic curve and its genus depends on the zeroes with an odd multiplicity of the polynomial a(t, s). Recalling that the maximum degree of a zero in a(t, s) is 3 one sees that there are only 3 possibilities for a(t, s), which correspond to the surfaces X SI , S f2 and S f3 constructed in previous sections. The only other possibility is that a(t, s) = b 2 (t, s) where b(t, s) is a homogeneous polynomial of degree 4 without multiple roots. In this case the bisection x 2 = a(t, s) splits in the union of two sections, which are rational curves since the base curve of the fibration is P 1 . Thus we have another family Q b 2 of K3 surfaces.
Proposition 3.1. Let E be the elliptic curve E : v 2 = b(t, s), deg(b) = 4, and let ι E be the automorphism ι E : (v, t, s) → (−v, t, s). The desingularization of the product 4. The 4 : 1 covers of P 2 and the family R of K3 surfaces
We discuss a different projective model for the K3 surfaces S fg (Proposition 4.1) and give another family R of K3 surfaces (Proposition 4.2) which admits a similar model. In [A] a one dimensional family of K3 surfaces Z admitting a non symplectic automorphism is constructed as 4:1 cover of P 2 branched along a quartic which is the intersection of a conic and two lines. In [A, Proposition 3 .1] it is proved that this family admits an isotrivial fibration with general fiber isomorphic to E i and the equation of the curve B which trivializes the fibration is given. In other words the curve B described in [A] is a curve such that there exists a finite group G such that the desingularization of (B × E i )/G is the K3 surface Z. From the proof of [A, Proposition 3.1] it is evident that the curve B is the curve C f2 and the group G is Z/4Z which acts on E i × C f2 as described in the Section 2.2. So the one dimesional family of surfaces which are 4:1 cover of P 2 branched along a conic and two lines is the family S f2 . Moreover, the non symplectic automorphism described in the Section 2.3 is the automorphism of order 4 associated to the 4:1 cover of P 2 . We observe that the automorphism associated to the cover has to fix the three rational curves which are in the branch locus. Moreover it fixes 10 points. Indeed, to obtain a smooth model of the 4:1 cover of P 2 , one has to blow up the singular points of the branch quartic, introducing three rational curves with an A 3 configuration for each singular points. The intersection points between the curves of each A 3 configuration are fixed by the automorphism. Since the branch quartic has 5 singular points, the automorphism has 10 fixed points. The square of this automorphism fixes the rational curves fixed by the automorphism, and the central components of the curves in the A 3 configuration. Here we prove that also the surfaces X SI and S f3 admit a similar description. Proof. Up to a choice of the coordinates of P 2 one can assume that the intersection between two conics are the points (1 : 0 : 0), (0 : 1 : 0), (0 : 0 : 1), (1 : 1 : 1). So one can always assume that the K3 surface which is the 4 : 1 cover of P 2 branched along two conics is the 2-dimensional family
If we now consider the pencil of lines through (0 : 0 : 1), i.e. x 2 = λx 1 , this gives a pencil of elliptic curves on the surface with j-invariant equal to 1728 (i.e. an isotrivial fibration on the surface with generic fiber isomorphic to E i ). To trivialize this fibration we consider the intersection of the pencil with the branch quartic and we put x 1 = 1, so the equation of the surface becomes
Now we have that 
Considering the base change B (ρ,λ) → P one obtains that the trivializing curve B (τ,λ) is
This is the curve C f3 with the equation given in (2) (assuming that one zero of l 2 is at infinity). So the surfaces which are 4 : 1 cover of P 2 branched along a conic and two lines are the quotient of E i × C f3 by the automorphism ((s, z), (τ, λ)) → ((is, z), (−iτ, λ)), hence the family of K3 surfaces which admits such a 4:1 cover of P 2 is S f3 . The proof in the case the branch locus is made up of four lines is very similar. We only observe that the equation of the surface is Proof. It is well known that the 4 : 1 cover of P 2 branched over a quartic curve with at most A-D-E singularities admits a desingularization which is a K3 surface. It is immediate to check that, up to an automorphism of P 2 , the irreducible plane quartic curves with three nodes are V (x and the cover automorphism is α R : (s, x 1 , x 2 , x 3 ) → (is, x 1 , x 2 , x 3 , x 4 ). The generic line of the pencil x 2 = λx 1 intersects the quartic in the node (0 : 0 : 1) and in two other points. This pencil of lines exhibits an elliptic fibration on R with general fiber isomorphic to an elliptic curve with j invariant equal to 1728 (we put x 2 = 1):
For almost every values of λ the Equation (9) gives an elliptic curve isomorphic to E i with a non symplectic automorphism of order 4 (s, x 3 ) → (is, x 3 ), so α E induces exactly α R . The fixed locus can be computed as in case S f2 .
In particular there exists a curve B and a finite group G of automorphism of B × E i such that R is a desingularization of (B × E i ) /G. The family of K3 surfaces admitting a non symplectic involution fixing four rational curves is a 6-dimensional family and the transcendental lattice of a generic member of this family is isomorphic to U (2) 2 ⊕ −2 4 (cf. [N2] ). It is the eigenspace T of the eigenvalue −1 for the actions of the involution on H 2 . If the non symplectic involution is the square of a non symplectic automorphism of order 4, the space T splits in the sum of the two 4-dimensional eigenspaces of the eigenvalues i and −i for the action of the automorphims of order 4 on H 2 . The H 2,0 of a member of this family lives in one of these two eigenspaces and we can assume it lives in the eigenspace of the eigenvalue i. Hence the family of K3 surfaces admitting a non symplectic automorphism of order 4 whose square fixes four rational curves, has dimension 4 − 1 = 3 and the transcendental lattice of a general member is isomorphic to U (2) 2 ⊕ −2 4 . Since R is a 3-dimensional family of K3 surfaces admitting an automorphism α R of order 4 such that α 2 R fixes four rational curves, these two families coincide and the transcendental lattice of R, T R , is isomorphic to U (2) 2 ⊕ −2 4 . By [N2] , α 2 R acts as the identity on the Néron-Severi group of the surface and as −1 on the transcendental lattice. Since α R acts on H 2,0 (R) as a multiplication by i, the eigenspace H 2 (R, C) i of the eigenvalue i for α R decomposes in H 2,0 (R) ⊕ H 1,1 (R) i and has dimension 4, as said before. Similarly the eigenspace H 2 (R, C) −i has dimension 4 and decomposes in H 0,2 (R) ⊕ H 1,1 (R) −i . The sum of the eigenspaces with eigenvalues +1 and −1 is N S(R) ⊗ C. Let x be the dimension of the invariant sublattice of H 1,1 (R) for α R , and so 14 − x is the dimension of the anti-invariant sublattice of H 1,1 (R). Let C be the rational curve and p i be the six points fixed by α R . By the Lefschetz fixed point formula we obtain:
So x = 4. Thus the dimensions of the eigenspaces of H 2 (R, Q) for the action of α R are:
Remark 4.3. In [N2] it is proved that the families of K3 surfaces admitting a non symplectic involution fixing k rational curves, k = 10, 8, 6, 4, is (10 − k)-dimensional and the generic member of each of these families has transcendental lattice isometric to U (2) if k = 10, either to U (2) ⊕2 or to
For each of these families we constructed a ((10 − k)/2)-dimensional subfamily admitting an automorphism of order 4 whose square is the involution fixing k rational curves.
Families of Calabi Yau 3-folds.
Once one has a family of K3 surfaces with a non symplectic automorphism of order 4 such that its fixed locus and the fixed locus of its square consist of rational curves and points, one can construct Calabi-Yau 3-folds as quotient of the product of these K3 surfaces with the elliptic curve E i . In the previous section we constructed some families of K3 surfaces with the required automorphism. In Section 5.1 we construct families of Calabi-Yau 3-folds Y fg considering the families of K3 surfaces S fg , giving all the details. The construction in the other two cases (starting with the families of K3 surfaces Q b 2 and R) is very similar and is presented in sections 5.2 and 5.3.
The desingularization
Remark 5.1. The desingularization of V fg can be also viewed as the desingularization of the quotient
) and α Ss (resp. α Xs ) the automorphism induced by α E . So we have birationals isomorphisms:
Since the automorphisms α
, and resolve its singularities, obtaining E i ×S fg (resp. X SI ×C fg ). Since the automorphism α 3 E ×α E ×1 (resp. 1×α E × α C ) induces the automorphism α E ×α S (resp. α X ×α C ) on E i ×S fg (resp. on X SI ×C fg ), the desingularization Y fg of the quotient V fg is a desingularization of
The holomorphic forms on the smooth part of the quotient V fg are the images of the α 3 E ×α S -invariant holomorphic forms on E i ×S fg . Since α S acts as the identity on H 0,0 (S fg ) and as the multiplication by i on H 2,0 (S fg ) and α 3 E acts as the identity on H 0,0 (E i ) and as the multiplication by −i on H 1,0 (E i ), we have:
which are rational curves. Hence the exceptional divisors are P 1 -bundles over rational curves. We will denote the exceptional divisor on a curve F as F . Let Z fg be the quotient of E i × S fg by (α 3 E × α S ) 2 . This is a smooth 3-fold, and the quotient map E i × S fg → Z fg is a 2:1 cover ramified on
We have the following commutative diagram:
Step 3: the desingularization of the quotient
are not invariant and in particular there are no elements in the fixed locus on these divisors. The divisors P i × C j and P i × D j are α Z -invariant.
Since α 3 E × α S fixes two points on P i × D j , α Z fixes two fibers in the P 1 -bundle P i × D j (the fibers over the fixed points). These fibers are clearly two rational curves. The involution α Z fixes the bases of the P 1 -bundles P i × C j and acts non trivially on the fibers. Since the fibers are rational curves, α Z fixes two points on each fiber, so it fixes two sections on P i × C j .
The base of the bundles P i × C j are the rational curves P i × C j , thus the sections of these bundles are rational curves. Hence α Z fixes 4d g + 4c g rational curves on Z fg . Let Z fg be the blow up of Z fg in the fixed locus of α Z , let α Z be the automorphism induced by α Z on Z fg . The fixed locus of α Z on Z fg is smooth of codimension 1, hence Y fg := Z fg / α Z is smooth. As before we have the following commutative diagram:
where Z fg /α Z is the desingularization the quotient of Z fg /α Z . Putting together the two quotients of order 2 one obtains:
Step 4: the Hodge numbers h 2,1 and h 1,1 . Let A be a Kähler 3-fold admitting a finite automorphism φ fixing a finite set of points and of disjoint curves. Let A be the blow up of A along the fixed locus of φ and φ be the automorphism induced on A by φ. We can compute the Hodge structure of A by [V2, Théorèm 7.31] . The φ-invariant part for the action of φ on the Hodge structure of A depends only on the φ-invariant part of the Hodge structure of A and on the Hodge structure of the fixed locus (cf. [R1, Proposition 10.3.2] ). In particular, if the fixed locus of φ is made up of r disjoint rational curves, one obtains:
Recalling that the Hodge numbers h i,0 are birational invariants one finds that h 1,1 ( A/ φ) = h 1,1 (A) + r and h 2,1 ( A/ φ) = h 2,1 (A). We apply these results to A = E i × S fg and φ = (α 3 E × α S ) 2 and after that to A = Z fg and φ = α Z . So we obtain: h 2,1 (Z fg ) = dim H 2,1 (E i × S fg ) 6. Picard-Fuchs equations of the 1-dimensional families 6.1. The family Y fg . By the Proposition 5.6 it is clear that the Picard-Fuchs equations of the varieties S fg and Y fg are given by the Picard-Fuchs equations of C fg . In particular if g = 2 we have a one dimensional family of Calabi-Yau 3-folds Y fg (and of K3 surfaces S fg ). This situation is very similar to the one described in [GvG, Section 2] . In this case one can explicitly compute the Picard-Fuchs equation of C fg (and hence of S fg and Y fg ). Indeed (by the Section 1) one can assume that C f2 is given by the equation w 4 = t(t − 1) 2 (t − λ) 2 .
So the curves C f2 have an equation of type 6.2. The family W b 2 . In the Section 5.2 we constructed another 1-dimensional family of Calabi-Yau 3-folds, W b 2 , and we proved that the variation of its Hodge structures depends only on the variation of the Hodge structures of an elliptic curve. So the Picard-Fuchs equation of W b 2 is the one of the elliptic curve z 2 = r(r − 1)(r − λ) (which is well known, and could be computed specilizing the general results presented in the Section 6.1):
As before this shows directly that there is no solution with maximal unipotent monodromy.
6.3. The families Y f3 and M . More in general, the Calabi-Yau 3-folds obtained in the Section 5, as desingularization of E i × S/G for a certain K3 surface S and a certain group G, admit an automorphism of order 4, induced by α E × 1 S , which acts as a multiplication by i on the H 3,0 of the Calabi-Yau. Since this automorphism commutes with the differentiation on the parameters of the surface S, the Picard-Fuchs equations of these families of Calabi-Yau can not admit solutions with maximal unipotent monodromy (cf. [R2] ). Moreover the fact that S is obtained as desingularization of E i × B/G ′ for certain curve B and group G ′ implies that the Picard-Fuchs equations of the K3 surface and of the Calabi-Yau 3-fold depend only on the Picard-Fuchs equations of the curve B. Thus the Picard-Fuchs equations of the family Y f3 and of the family M do not admit a solution with maximal unipotent monodromy and are the Picard-Fuchs equations of a curve.
